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1. BACKGROUND PRELIMINARIES 
We shall consider the progress of a plane-detonation wave in a polytropic 
gas. Three basic assumptions are made; namely, that the gas is shocked by 
an infinite piston moving at a constant velocity up, that the shock is 
sufIicient to start the detonation, and that the detonation iself takes place 
rapidly throughout a thin but finite-width region, rather than instantaneously 
across a geometrical surface, as is usually supposed. The main content of the 
paper centers around this last assumption, which by allowing the energy 
release to occur in a finite time in a boundary layer, produces a model which 
is closer to reality. Thus the flow comprises three distinct domains; the 
unburnt gas ahead of the detonation, the burning zone in the boundary layer, 
and the burnt gas zone which extends from the back of the boundary layer to 
the piston. 
As is usual, the detonation reaction is assumed to transform the 
undetonated gas into a gas with similar thermodynamical properties, while at 
the same time releasing a certain amount of heat. The rate at which this heat 
is released depends on the local thermodynamical conditions and on the 
progress variable /3 introduced to describe the state of completion of the 
chemical kinetics of the gas in the burning zone. 
The equations which will be used to study the burning zone for a plane 
detonation, in which t is the time and x the distance of the plane-detonation 
front from some reference plane expressed in terms of p, U, e rather than the 
density p, the velocity U, and the entropy S as is usual [ 11, are 
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Conservation of Mass 
(1.1) 
Conservation of Momentum 
at4 au Y-1 
gu$ - 
c 1 P 
e$+(y- l)$=O, 
Energy Equation 
$t (y- l)egtu$=$r(e,p,p), 
Progress Equation 
(1.2) 
(1.4) 
Equation of State 
P= (Y- We. (1.5) 
In these equations u is the gas velocity in the x-direction, p is the gas 
density, p is the gas pressure, e is the specific internal energy, y is the 
adiabatic gas constant, p is the progress variable which represents the 
fraction of unburnt gas, Q is the specific energy of formation of the 
detonation products, and Qr(e, p, /?) is the specific energy input to the system 
for any given e, p, and /?. It follows from the assumptions of the model that 
r(e,p,/3) is only nonzero in the burning zone within the boundary layer. 
Consequently, in the burnt gas zone. Eq. (1.4) becomes redundant and the 
right-hand side of Eq. (1.) vanishes. 
In the event that the energy of detonation is released instantaneously 
across a detonation front, as is usually supposed, Eq. (1.4) again becomes 
redundant, and the source term on the right-hand side of (1.3) becomes a 
delta function located at the detonation front. Equations (1.1) to (1.3) may 
then be expressed in conservation form and used to obtain the following 
steady-state jump conditions [ 1 ] : 
-Unp] + lIpu] = 0, (1.6) 
-U~uj + bu* t (y - l)pe] = 0, (1.7) 
-U[+pu* +pel + @pu’ +pe)u t (y - l)puell = m. (1.8) 
Here [Qn denotes the jump in the quantity Q across the detonation front, U 
is the steady speed of propagation of the detonation front and m is the 
amount of energy released across the front per unit area, which must be 
determined from thermodynamical considerations. 
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When expressed in matrix form, Eqs. (1. l)-( 1.4) become, 
where 
A= 
(GM P y-l 0 0  
0 (yJl)e 24 0 
0 0 0 u I 1 , B= 
(1.9) 
0 
0 
Q~P 
r 1. 
(1.10) 
In what followsjt will be assumed the gas is initially at rest, and that the 
piston initiates a shock by being started impulsively from rest with the speed 
IA 
P’ 
It will be shown in the next section that although system (1.9) is nonisen- 
tropic, in the burnt gas zone it reduces to a system of only three equations, 
of which one is redundant. Furthermore, this reduced system will be shown 
to characterize isentropic flow and to possess the usual Riemann invariants 
which will later be used to match the flow in this region with the flow in the 
burning zone. 
2. BASIC RESULTS AND GENERALIZED RIEMANN INVARIANTS 
The characteristics of system (1.9) are the curves C”’ arising from the 
integration of 
c(i). dx 
*dt 
= A(i), i = 1,2,3,4, 
where the Aci’ are the eigenvalues of A, satisfying 
(A - rl1) = 0, 
with Z the unit matrix. 
A routine calculation shows that 
(2.1) 
P-2) 
A’4’ = u 7 (2.3) 
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where c is the local speed of sound, with 
c* = y(y - I)e. 
The corresponding right eigenvectors rci), satisfying 
ArW = l(i)r(i) 9 i = 1, ,2, 3,4, 
are 
r(‘) - 
r(3) - 
- [m;,pjT r(4)= [;,pj7 
(2.4) 
(2.5) 
I 2 
(2.6) 
with arbitrary k # 0. 
Since the A”’ are all real, and the four right eigenvectors r”) are linearly 
independent, system (1.9) is of hyperbolic type. It is nonhomogeneous when 
the burning zone is considered, but behind that, and ahead of the piston, r 
vanishes and the fourth equation (1.4) becomes redundant, so that system 
(1.9) becomes the following homogeneous system of reduced order: 
g++o, (2.7) 
with 
P 0 
y-l . 
(y:l)e u 1 (2.8) 
The eigenvalues of this reduced system are merely A(‘), A’*‘, and Lc3), the 
families of characteristics C”’ are given by (2.1) with i = 1, 2, 3, while the 
corresponding eigenvectors for the reduced system are 
r(l)= [(yj;e,j. P= [(,I;-e,p]9 P=[pJ (2.9) 
This system is, of course, also of hyperbolic type. 
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A homogeneous system of the form (2.7) is known to posses generalized 
simple waves and Riemann invariants [2]. Along each characteristic Cck’ 
associated with a A(k) simple wave, k = 1,2, 3, the generalized Ctk’-Riemann 
invariants Jck’ follow by integrating 
dvj _ r(k) 
dt: ’ 
for j = 1, 2, 3, (2.10) 
where vj is the jth element of p, rjk) is the jth element of the right eigen- 
vector rtk), and < is a parameter. 
It follows directly from (2.9) and (2.10) that we have: 
Generalized A”‘-Riemann invariants 
J~“=~-~~~$d~=const and J:” z ep’ - y = const. 
(2.1 la) 
Generalized Ac2’-Riemann invariants 
Ji2’ sz u + dm,f f dp = const. and Ji2’ E ep’ - y = const. 
(2.1 lb) 
Generalized At3’-Riemann invariants 
Jc3’ z u = const. I and Jc3’ E ep = const. 2 (2.1 lc) 
This last result may be used to simplify the situation as follows. The 
entropy in the system S = S@,p), but as it follows from (1.5) and 
Ji3’ = const., that p = const., along C ‘3’-characteristics for a generalized A(3). 
simple wave, we conclude that S = s@) along these characteristics. 
Combining this with the basic result from thermodynamics, p =p@, S) then 
shows that p =p’@) along the C ‘3’-characteristics for this same 1’3’-simple 
wave. The term however, p = const., implies p = const., which in turn implies 
S = const., along the C ‘3’-characteristics in a generalized I’3’-simple wave. 
In addition to this we have the results J\” = const., and Jy’ = const., 
along the respective C(i)- and C2’-characteristics in the associated 
generalized A(‘)- and 1’2’-simple waves. These each imply, via (1.5) that 
p cc py, which is just the gas law for isentropic flow. Thus, as the entropy S is 
a constant along the characteristics associated with each generalized simple 
wave, it follows that it must be an absolute constant thereby showing that 
the generalized simple-wave region is an isentropic-flow region. This result 
was first established in [2] as a trivial consequence of the use of generalized 
Riemann invariants, and by Levine [3] using a totally different form of 
argument. 
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The immediate consequence of this is that the last equation in (2.7), 
corresponding to (1.3) in which r = 0, becomes redundant as it is satisfied 
identically. The pairs of results (2.1 la) and (2.1 lb) may then be combined 
separately and integrated to give the two Riemann invariants: 
Along C “‘-characteristics 
J”’ E u - 2 
J 
ye 
1 
y-l = const7 
(2.12a) 
Along C “‘-characteristics 
$2’ E u + 2 1 J 
-25 = const. 
Y-l 
(2.12b) 
Combining (2.4), (2.12a), and (2.12b), these are seen to be the more 
familiar Riemann invariants [ 1, 21, 
C(“: 24 - (2c/(y - 1)) = const and C’*‘: u + (2c/(y - 1) = cons& 
(2.13) 
which are obtained when working with the isentropic-flow equations. 
3. THE REACTION ZONE AND MATCHED ASYMPTOTES 
We shall consider in this section the inhomogeneous equation (1.9), 
(1.10). Let us assume that the shock front ,4”‘ moves in the positive X- 
direction with velocity uD :=4’(t). Then if we transform to a moving coor- 
dinate frame, which travels along with the shock front, 
Y = x - Q(t), r=t 
and stretch the y-coordinate in the reaction zone by Y = yN, where N is a 
large parameter which depends on the activation energy, [S], [6], we obtain 
~,r+N{(u-~‘(t))p,,+pU,}=O, (3.1) 
pU,,+N(p(u-~‘(r))U,,+(y-l)ep,,+(y-l)pe,,}=O, 
e,, + N{ (u - 4’(r)) eyy + (y - 1) eU,,} = Q W-N/e), 
the procedure pioneered by Matkowsky and Sivashinsky (see, e.g., [S, 61 
and the references to earlier works cited therein). Following Matkowski 141 
we seek to expand p, U, e as series of inverse powers of N, namely, 
P(K r> =P,(Y, t) + (l/N)p,(Y, 5) + (~/N*)P,(Y, r) + ..+ . 
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We obtain the following equations for the zeroth order terms for mass and 
momentum balance; 
PO.7 + UlP0.Y + POU1.Y = 0 
P,~W + (Y - Woe, + eo~Jry =0 
(3.2) 
(3.3) 
and a term of minus-first order for momentum balance 
(e,p,),, = 0 (3.4) 
which implies e,p, = const. When e, is constant, the right-hand side of the 
first of equations (3.1) may be rewritten as 
Q w(-l\rle) = (2(N) ew(W/e,)[l - e,lel) 2 e’W> exr@,), (3.5) 
where Q(N) = Q, + (l/N) Q, + (l/N’) Q, + . . . . As the zeroth order term 
for energy balance now becomes 
e,,, + ~,eo,y + (Y - 1) e,u,,, = (Y - 1) e,~,., = Q. exp@,), (3.6) 
and (3.2) reduces to u,,* = 0 for p. a constant, we must have Q, = 0. The 
first-order term is 
5 + wl,y + 0 - l)(e,u,,, + e,u,,,) = Q ev(e,). (3.7) 
To remove u2 from (3.7) we use the second-order mass equation, namely, 
P1.r + UlP1.Y + PI U1.Y + POU2.Y = 0. (3.8) 
We obtain 
e,,, + w,y + (Y- 1) 
( 
vl,y -~I~~,,fu,p,,,+p,u,,,l) =QleMeJ 
hoe, - (Y - 1) eopA,r + Qvo - (y - Wop,),y 
+ (Y - l)b,e, -wol u,,, = Q w@d. (3.9) 
If 4” = 0, then (3.4) simplifies to Poe, + eoPl = A (a const.) and (3.9) may 
be reduced to the form 
He,,, + wl,y) + (Y - We, - (4~~)) ul,, = <Ql/~o> expteA. 
As u,,~ = 0, this becomes 
ae, Q, -=- 
x POY 
exp(e,), (3.10) 
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FIGURE 1 
where < := Y - u, r and where we choose u, = const. We then obtain the 
following two integrals for e, and p,: 
PI = @o/4 logl(do - WPOY) Q,l + C. 
(3.11) 
In order to match these solutions with solutions outside the reaction zone 
we shall recall that in the exterior region the flow was isentropic and we 
obtained the two Riemann invariants (2.12a) and (2.12b). The situation is 
illustrated by Fig. 1 where region I (R,) upstream is the unreacted material, 
and region III (RII,) downstream is the reacted material. The burning occurs 
in R,,. 
In R, at f = 0 we have u = 0 and e = e,, the ambient internal energy. As 
d.x/dt on Ct2’ is always less than on C (3), all the C’*‘-characteristics begin on 
the x axis and meet the shock front. On the C’2’-characteristic, we have 
(3.12) 
and on the C”‘-characteristic we have 
.+2&2@-. (3.13) 
t Piston 
z 
&2) c(3) 
k 
p 
p $1) Cc 3) 
x 
FIGURE 2 
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FIGURE 3 
From (3.12), (3.13) we shall conclude that in R, u = 0 and e = e,. If the 
activation energy is very large the width of R,, is very narrow and we may 
treat it as a delta-function source traveling with the speed of the detonation 
front, uD = f(y + 1) up, where up is the piston velocity. This means we are 
assuming that a strong detonation is occuring, and that the detonation front 
is time-like with respect o the region behind it. Hence, the detonation front 
can only carry one piece of data, when considered as an initial curve for the 
region downstream. We have Fig. 2. In R,,, we have Fig. 3. Hence, on C”’ 
we have 
u-2 - J 
ye =up-2 
J 
ye, 
Y-1 y-l’ 
and on Co’ we have 
(3.14) 
(3.15) 
which together yield 
u = +(up + UD) - 
J --&- (ei/* + ej/*). 
As e~=t~,/(Y-l)~,)=ttY-l)~,u,u,ltY-l)tY+l)~,)= 
(uDup/(Y + 1)) = tu$ only ep, the internal energy at the piston, remains 
unknown. From (3.14), (3.15) we also get the relationship 
4ev2 - - y (Ug - U,) + 2(ei12 - eAf2) = 4eA12. (3.16) 
AS each C”‘-characteristic meets the shock which carries the single piece of 
data u = uD (and, hence also the information e = e, = (2/(y + 1) ui) we are 
able to determine P from (3.16) to be 
e, = (ui/4)((6/fi) - ((y - l)312/2y1/2))2. 
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The constants of integration /I and C of (3.11) may be determined by 
setting e, = e, = $u;, and p1 = p. = (y t I)/(y - l)p, at < = 0. We compute 
P= @,dQ,>e 1’2Ui and C = p,,((y t l)/(y - 1) + (e,/e,)). Hence, 
p1 = Wd WexpbJ - (Q, Sw)I + d(y + MY - 1) + (edeJ>~ 
(3.17) 
el = -Wexp(-eD) - <Q&w)l~ (3.18) 
In conclusion we shall remark that other analytical approaches have been 
made to the reactive-shock problem. For example, similarity solutions to the 
one-dimensional reactive-shock problem were investigated by Sternberg [ 71 
for the case where the reaction rate was proportioned to the energy. In [4] 
Logan and de Jesus Perez use group-theoretic methods to determine the class 
of self-similar solutions with a chemical reaction, and characterize the 
functional form of the reaction rates. These methods appear to be quite 
disjoint from ours; however, perhaps a combining of the techniques could 
lead to an understanding of the problem of initiation of detonations. 
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